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Abstract. In this paper, we show the scattering and blow-up result of the radial 
solution with the energy below the threshold for the nonlinear Schrodinger equation 
(NLS) with the combined terms 

iut + Au = -\u\\ + \u\'^u (CNLS) 

in the energy space H^{M.^). The threshold is given by the ground state W for the 
energy-critical NLS: iut + Au — ~\u\'^u. This problem was proposed by Tao, Visan 
and Zhang in [37]. The main difficulty is the lack of the scaling invariance. Illuminated 
by [IZ], we need give the new radial profile decomposition with the scaling parameter, 
then apply it into the scattering theory. Our result shows that the defocusing, H^- 
subcritical perturbation does not affect the determination of the threshold of the 
scattering solution of (CNLS) in the energy space. 



1. Introduction 

We consider the dynamics of the radial solutions for the nonlinear Schrodinger equa- 
tion (NLS) with the combined nonlinearities in ff^(]R'^) 

iut + Au = fi{u) + f2{u), , (t, x) G R X R^ 

u{0) = uo{x) e H\R^). ^^'^^ 

where u : M x i— )■ C and fi{u) = —\u\^u, f2{u) = \u\'^u. As we known, /i has the 
if^-critical growth, /2 has the if^-subcritical growth. 

The equation has the following mass and Hamiltonian quantities 

M{u){t) =- \u{t,x)\'^ dx; E{u){t)= / -\Vu{t,x)\^ dx + Fi{u{t)) + F2{u{t)) 
2 JR3 Jk3 2 

where Fi{u{t)) = — / \u{t,x)\^ dx, F2{u{t)) = - \u{t,x)\'^ dx. They are con- 
served for the sufficient smooth solutions of (ILip . 
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In [37], Tao, Visan and Zhang made the comprehensive study of 

iut + Au = + 

in the energy space. They made use of the interaction Morawetz estimate established 
in |6] and the stability theory for the scattering solution. Their result is based on 
the scattering result of the defocusing, energy-critical NLS in the energy space, which 
is established by Bourgain [21 S] for the radial case, I-team [7], Ryckman- Visan [51] 
and Visan [38j for the general data. Since the classical interaction Morawetz estimate 
in [B] fails for (11. ip . Tao, et al., leave the scattering and blow-up dichotomy of (II. ip 
below the threshold as an open problem in [27]. For other results, please refer to 
[T5l[l6l[30l[3ll|32l[39lll0]. 

For the focusing, energy-critical NLS 

iut + Au = —\u\'^u. (1-2) 

Kenig and Merle first applied the concentration compactness in [21 [21], |22] into the 
scattering theory of the radial solution of (II. 2p in [19] with the energy below that of 
the ground state of 

-AW = \W\^W. (1.3) 

In this paper, we will also make use of the concentration compactness argument and the 
stability theory to study the dichotomy of the radial solution of (II. ip with the energy 
below the threshold, which will be shown to be the energy of the ground state W for 
(II. 2p . For the applications of the concentration compactness in the scattering theory 
and rigidity theory of the critical NLS, NLW, NLKG and Hartree equations, please see 

We now show the differences between (II. ip and (11.20 . On one hand, there is an 
explicit solution W for (II. 2p . which is the ground state of (II. 3p and does not scatter. 
The threshold of the scattering solution of (ll.2p is determined by the energy of W. 
While for (II. ip . there is no such explicit solution, whose energy is the threshold of the 
scattering solution of (II. ip . We need look for a mechanism to determine the threshold 
of the scattering solution of (II. ip . It turns out that the constrained minimization of the 
energy as (II. 5p is appropriatqj. On the other hand, for (II. 2p . it is if ^-scaling invariant, 
which gives us many conveniences, especially in the nonlinear profile decomposition 
about (II. 2p . While for (II. ip . it is the lack of scaling invariance. We need give the new 



""^The similar constrained minimization of the energy as (jl.5l) is not appropriate for the focusing per- 
turbation: iut + Au = — — since the threshold m in this way equals to and it is not the 
desired result. 
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profile decomposition with the scaling parameter of (11 .ip in H^{R^), take care of the 
role of the scaling parameter in the linear and nonlinear profile decompositions, then 
apply them into the scattering theory. 

Now for ip E H^yWe denote the scaling quantity (p^^2 by 

We denote the scaling derivative of E by K{ip) 

A-(^) = CE(^) := ^lEi,,U = I [Iw^f - + y) i.. (1.4) 

which is connected with the Virial identity, and then plays the important role in the 
blow-up and scattering of the solution of (11.11) . 

Now the threshold m is determined by the following constrained minimizatioij^ of the 
energy E{ip) 

m = mi{E{^) I if G H^R'^), ^ ^ 0, K{ip) = 0}. (1.5) 

Since we consider the iJ^-critical growth with the iJ^-subcritical perturbation, we will 
use the modified energy later 

i?^M=^^ Q|Vn(t,x)p-i|n(t,x)|6^ dx. 

As the nonlinearity \u\'^u is the defocusing, if^-subcritical perturbation, one think 
that the focusing, if^-critical term plays the decisive role of the threshold of the scatter- 
ing solution of (II. ip in the energy space. The first result is to characterize the threshold 
energy m as following 

Proposition 1.1. There is no minimizer for ( II. 5p . But for the threshold energy m, we 
have 

m = E^{W), 

where W G H^^R^) is the ground state of the massless equation 

-/\W = \W\^W. 

As the dynamics of the solution of (II. ip with the energy less than the threshold m, 
the conjecture is 



^In fact, the following minimization of the static energy 
also equals to m. 



inf{M(^) + E{<f) I <f e H\R^), ip:^0, K{<f) ^ 0} 
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Conjecture 1.2. Let uq E i/^(R^) with 

E{uo) < m, (1.6) 

and u he the solution of (11. ip and I he its maximal interval of existence. Then 

(a) If K{uq) > 0, then / = M, and u scatters in hoth time directions as t ^ ±oo in 

(b) If K{uq) < 0, then u Mows up hoth forward and hackward at finite time in . 
In this paper, we verify the conjecture in the radial case. 

Theorem 1.3. Conjecture holds whenever u is spherically symmetric. 

Remark 1.4. Our consideration of the radial case is based on the following facts: 

(1) It is an open problem that the scattering result of (II. 2p in dimension three, 
except for the radial case in p^. Our result is based on the corresponding 
scattering result of (II. 2p . 

(2) It seems to be hard to lower the regularity of the critical element to L'^H^ for 
some s < by the double Duhamel argument in dimension three to obtain the 
compactness of the critical element in L^, which is used to control the spatial 
center function x{t) of the critical element. 

Remark 1.5. We can remove the radial assumption under the stronger constraint that 

M{uo) + E{uo) < m, 

which can help us to obtain the compactness of the critical element in and control the 
spatial center function x{t) of the critical element. Of course, we need the preconditioij^ 
that the global wellposedness and scattering result of (II. 2p holds for uq G H^{M.^) with 

/ f IVmoI^ — Itiol^) dx>0, I (-IVmoI^ I'^^ol^) dx <m. 

JR3 V ' ' / Jrs V2' 6' ' / 



By the relation between the sharp Sobolev constant and the ground state W , we know that the 
constrained condition 

/ (|V?io|'- |uof) da;>0, / (]-\^uo\^~\\u^f]dx<E'{W) 
is equivalent to the constrained condition 

||Vuo||'. < IIVW'II',, QlV^/ol' - ^|"or) dx < E^{W). 

We use the former in this paper while the latter is given by Kenig-Merle in |19) . 
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Remark 1.6. From the assumption in Theorem \1.3\ we know that the solution starts 
from the following subsets of the energy space, 



G H^iR^) (f is radial, E{(p) < m, K{ip) > o|, 

/C" =|(^ G H\R^) if is radial, E{ifi) < m, K{ip) < o}. 

By the scaling argument, we know that /C^ 7^ (we can also know that /C+ 7^ by 
the small data theory). In fact, let x{^) be a radial smooth cut-off function satisfying 
< X < 1; x{^) = 1 foi' kl ^ 1 S'lid = for \x\ > 2. If we take Xr{^) = xi^/R) 
and 

where 6*, A, is determined later and the cutoff function xr is not needed for dimension 
d > 5 since W G Then we have 





i2 
L2 




16 








|2 




L2 



L4' 



|2 



Therefore, taking i? sufficiently large, 9 = 1 + e and A = e , we have 
JiXR-l)\W\'dx + X-^-^\\xBW\\'^, 



__ 9' 
" "6 _ 
-m — 6e^m + o(e^), 

16 



+ 29^ j [{xI-1)\'^W\'' + \Vxr\'\W\^ + 2xrVxr-WVW^ dx 
{x%-l)\Wfdx + \-—\\xRW\ 



|4 



24em + o(e^). 



If taking e < and |e| sufficient small, then we have (p G /C^; If taking e > and 
sufficient small, then we have ip G /C~. 
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2. Preliminaries 

In this section, we give some notation and some wellknown results. 

2.1. Littlewood-Paley decomposition and Besov space. Let Ao(a:) G iS(]R^) such 
that its Fourier transform Ao{^) = 1 for |,^| < 1 and Aq{^) = for |^| > 2. Then we 
define Ak{x) for any k G Z,\{0} and A(o)(.t) by the Fourier transforms: 

A,(0 = Ao(2-^0 - Ao(2-^+^0, A{o)(0 = Ao(0 - Ao(20- 
Let sgR, 1 < p,q < oo. The inhomogeneous Besov space B^^ is defined by 



/ I / e 5', 



■\ks I 



Afe * 



'fe>0 



< OO 



where S' denotes the space of tempered distributions. The homogeneous Besov space 
B5, „ can be defined by 

1/g 



/ 



feS',{ J2 2^'1K* /Ills + 11^(0)* 

A;eZ\{0} 



< OO 



2.2. Linear estimates. We say that a pair of exponents (g,r) is Schroidnger H^- 
admissible in dimension three if 

2 3 3 

- + - = s 

q r 2 

and 2 < g',r < OO. If 7 x is a space-time slab, we define the S^{I x R^) Strichartz 
norm by 

ll'"ll50(/xM3) II'"IIl|Lj(7xIR3) 

where the sup is taken over all L^-admissible pairs r). We define the S^{I x R^) 
Strichartz norm to be 



\u\ 



IS'ilxR^) • II ll5t'(/xR3)' 

We also use 7V°(/ x R^) to denote the dual space of x R^) and 

N''{I X R^) := {u] D^u G N^{I x R^)}. 
By definition and Sobolev's inequality, we have 
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Lemma 2.1. For any function u on / x M^, we have 

II^^IL-Li + lhllLi0siQ%,(/xR3) + lhlL-L6 + hWll^Ll + h\\L]% ~ II^Li" 

For any S^/'^ function u on / x R'^, we have 

Now we state the standard Strichartz estimate. 

Lemma 2.2 ([3, |TS1 ES])- -^ei I he a compact time interval, k G [0,1], and let u 
/ X — > C he an solution to the forced Schrddinger equation 

iut + Au = F 

for a function F . Then we have 



\u\ 



for any time to E F 

We shall also need the following exotic Strichartz estimate, which is important in the 
application of the stability theory. 

Lemma 2.3 ([14j). For any F E L'f -8^8/112); we have 



f e'^'-'^^F{s) ds 
Jo 



< \\F 

-"90/19,2 

2.3. Local wellposedness and Virial identity. Let 



r2ol/3 

rlORl/3 ''-^t -018/11,2 



STil) := LfB'J,l, , n LfLl H L^ijJ//^, n 11(1 x R^). 

' 1 /3 

By the definition of admissible pair, we know that n L\^Ll is the H^- 



admissible space, L^i?!^/„2 ^ -^tx the if^/^-admissible space. Now we have 



-^90/19,2 ' ' -^i -^x 

i 18/7,2 ' ' ^t,x 

Theorem 2.4 ([37]). Let uq G H^, then for every rj > 0, there exists T = T{ri) such 
that if 

ll^**^"o|lsT([-r,T]) - ^' 

then (11. ip admits a unique strong H^-solution u defined on [— T, T]. Let {—Tmin,Tmax) 
he the maximal time interval on which u is well-defined. Then, u E S^{I x M'^) for every 
compact time interval I C {—Tmin,Tmax) o-nd the following properties hold: 
(1) IfTmax < 00, then 

\\'^\\sT{{0,Tma^)xRd) = 



8 
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Similarly, ifTmin < oo, then 

(2) The solution u depends continuously on the initial data uq in the following 
sense: The functions Tmin andTmax o,re lower semicontinuous from H^OHx^'^ to 
(0, +oo]. Moreover, ifu^^^ — > Uq in DHI^'^ and m^"^^ is the maximal solution 
to fll.ip with initial data u'^\ then u^"^^ u in ST{I x R'^) and every compact 
suhmterval I C (-T^m, T'max)- 

Proof. The proof is based on the Strichartz estimate and exotic Strichartz estimate and 
the following nonlinear estimates. 

r2ol/3 < ||m|LiOo1/3 ll'^IIrS , 

-°18/11,2 " "-^t -°90/19,2 " "^t,x 

r2Rl/3 ~ ||'"||r6Rl/2 IImII r6r9/2- 

^ -^6/5, 2 " "-^t-"l8/7,2 " ll-^t-t-a: 

□ 

Lemma 2.5. Let G C^(]R'^), radially symmetric andu he the radial solution of (II .ip . 
Then we have 

dt / (j){x)\u{t,x)\'^ dx = — / V(j)-'Vuudx 



-°18/11,2 


< 1 
rs^ 1 




rlO r1/3 rlO 5 

-^t ■°go/i9,2 " "-^t.x ' 


1 \M 




II I'^l^'^^ll r9 61/2 
^^6/5,2 


< 1 

rs^ 1 




1 II 11^ 1 

\LlBli%Jn\L]^Lr 1 


\u\ 





/ ^(t, x) I (ix =4 / 0"(r)|V'u| dx — / A0|-u(t,x)| dx 

Jir3 Jus J]g3 

/ A(f)\u{t,x)\^ dx + I A(l)\u{t,x)\'^ dx, 

3 Jr3 J^3 

where r = \x\. 

Proof. By the simple computation, we have 

4 

3 Jm3 

Then the result comes from the following fact 





■ \u{t, x) 


/k3 





A(f) ■ \u{t,x)f dx + / Acj) ■ \u(t,x)\'^ dx. 



<-\2 It \ ±11/ \-^j-^k . (''") / r Xj^k 

d^,(j){x) = (r)^ + — - [6,k - 

holds for any radial symmetric function (j){x). □ 

2.4. Variational characterization. In this subsection, we give the threshold energy 
m (Proposition II. ip by the variational method, and various estimates for the solutions 
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of (11. ip with the energy below the threshold. There is no the radial assumption on the 
solution. 

We first give some notation before we show the behavior of K near the origin. Let 
us denote the quadratic and nonlinear parts of K by K'^ and , that is, 

where K^{^) = 2 [ |V^P dx, and K^{ip) = [ ( -2\ip\'^ + -cpA dx. 

Lemma 2.6. For any (f G -/^^(M^), we have 

hm K^iifl_,)=0. (2.1) 

A— >— oo 

Proof. It is obvious by the definition of K^. □ 

Now we show the positivity of K near in the energy space. 
Lemma 2.7. For any bounded sequence ipn G iJ"'^(M'^)\{0} with 

lim ir«((/.„) = 0, 

n— >+oo 

then for large n, we have 

Proof. By the fact that K'^^ipn) 0, we know that lim ||V(/?n||r2 = 0- Then by the 
Sobolev and Gagliardo-Nirenberg inequalities, we have for large n 



^4 ^ |k"IL2||'^'^«llL2 = ^(|I^^"IIl2^ 



where we use the boundedness of ||y)„||^2- Hence for large n, we have 

K{vn)= I (2|V</?„|'-2|(/?„|'' + ^|(^„n dx^ \V^n\^dx>0. 

Jr3 \ 2 ) J^3 

This concludes the proof. □ 

By the definition of K, we denote two real numbers by 

/2 = max{4, 0, 6} = 6, fi = min{4, 0, 6} = 0. 

Next, we show the behavior of the scaling derivative functional K. 
Lemma 2.8. For any if G , we have 

m-C)E{if)= [ (iv^f+l^f) dx, 
Jr3 V / 
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C{pi- C)E{^) = [ (MVipl'^ + 12\ipf) dx. 
Proof. By the definition of C, we have 



which implies that 

ifi - £) E{ip) = 6E{ip) - K{ip) = [ f I Vy^l' + U"") dx, 

C{fi- C)E{ip) = C\\Vip\\l,+ C\\ip\\l,= [ (4|Vv?|V 12|v?f) dx. 

This completes the proof. □ 

According to the above analysis, we will replace the functional E in f ll.Sp with a 
positive functional H, while extending the minimizing region from ^^K{ip) = 0" to 
''K{ip) < 0". Let 

H{v) := (l - -] E{^) = I f i|V^|' + lu") dx, 



At/ JmAS 6' 

then for any (p G i/^\{0}, we have 

> 0, CH{'p) > 0. 

Now we can characterization the minimization problem (11 .Sp by use of H. 

Lemma 2.9. For the minimization m in (11.51) . we have 

m=mi{H{^) I ^ G H\M.^), ^ 0, K{ip) < 0} 

= M{H{^) I ^ G H\M.^), ip^O, K{ip) < 0}. (2.2) 

Proof. For any ip G H^, f ^ with K{(f) = 0, we have E{(f) = H{ip), this implies that 

m=mf{E{^) I ^ G i/^(M^), ^ 0, K{^) = 0} 

> inf {if((^) I ip G iJ^(M^), 7^ 0, K{ip) < 0}. (2.3) 

On the other hand, for any ip G H^, ip ^ with K{ip) < 0, by Lemma [2.61 Lemma 
12.71 and the continuity of K in A, we know that there exists a Aq < such that 

then by CH > 0, we have 
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Therefore, 

M{E{ip) I ip G H\R^), ip^O, K{ip) = 0} 

< mf{H{^) I V? G H\M.^), ^ 0, < 0}. (2.4) 

By (O and ([MD, we have 

inf{/7(v;) I ^ G //^(M^), ^ ^ 0, K(^) < 0} 
<m< mf{H{ip) I ip G iJ^(M^), 7^ 0, fs:(<^) < 0}. 

In order to show fl2.2p . it suffices to show that 

mf{H{^) I ip G H\M.^), ipy^O, K{ip) < 0} 

> M{H{ip) I ^ G /f^(M^), ^ 0, K(^) < 0}. (2.5) 
For any ip G H^, ip with -ft'(vi') < 0. By Lemma [2. 8 [ we know that 

CK{ip) = fiK{ip) - [ (^Vipf + I2\ip\^) dx < 0, 
then for any A > we have 

K{ipl_,) < 0, 

and as A — 7- 

^(^3,-2) = J^^ (V^^l' + Vl^lj dx-^H{ip). 

This shows (12.51) . and completes the proof. □ 

Next we will use the (if ^-invariant) scaling argument to remove the term (the 
lower regularity quantity than H^) in K, that is, to replace the constrained condition 
K{ip) < with K''{ip) < 0, where 

K'iip) := I (2|V<^P-2|(^|^) dx. 

In fact, we have 
Lemma 2.10. For the minimization m in ( 11. 5p . we have 

m=mi{H{^) \ ip G H\M.^), ip ^ 0, K\^) < 0} 
= m{{H{^) I ^ G H^iW^), 7^ 0, K\p^) < 0}. 

Proof. Since K'^{ip) < K{ip), it is obvious that 

m=M{H{ip) I ip G H\R^), ip^O, K{ip) < 0} 
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>mf{H{ip) I ip G H\R^), ip^O, K\^) < 0}. 
Hence in order to show the first equahty, it suffices to show that 
m.i{H{^) I ^ G H^iW^), ^ 0, K{^) < 0} 

< iYi{{H{^) I ^ G H\W^), ^ 0, K\^) < 0}. (2.6) 
To do so, for any ip G H^, ^ ^ ^ with K'^{ip) < 0, taking 

we have <fi_2 ^ V^i -2 > 0. In addition, we have 

Ki^U) = £ (2I Vy^l' - 2|y,f + ^e-2>|') ir^(^), 

as A — +00. This gives f l2.6p . and completes the proof of the ffist equality. 
For the second equahty, it is obvious that 

M{H{ip) I ip G H\M.^), ip^O, K%ip) < 0} 
> M{H{ip) I ip G H\M.^), ip^O, K'iip) < 0}, 

hence we only need to show that 

mi{H{ip) I ip G H\M.^), ip^O, K%ip) < 0} 

< mf{H{ip) I ip G H\M.^), ip^O, K\^) < 0}. (2.7) 

To do this, we use the (L^-invariant) scaling argument. For any ip G H^, 7^ with 
K'^{p) < 0, we have v^3_2 ^ -^""^j 0- addition, by 

£ir"((^) = [ (8\Vip\'^ - 2A\pf) dx = AK^ip) - I6\\p\\le < 0, 

we have K''{ip\_^ < for any A > 0, and 

H{pI_2) ^ H{p), as A ^ 0. 

This implies (12. 7p and completes the proof. □ 

After these preparations, we can now make use of the sharp Sobolev constant in 
[Hiss] to compute the minimization m of (II. 5p . which also shows Proposition 11.11 
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Lemma 2.11. For the minimization m in fll.Sp . we have 

m = E%W). 



13 



Proof. By Lemma [2.10[ we have 

> inf 1^ J (I V^p + l^r) + ^ (I V^p - l^r) da; I G ^ ^ 0, || Vyp||', < ||v^||' 
where the equahty holds if and only if the minimization is taken by some if with 



While 



inf i|Vy.p dx\^eH\^^0, \\V^\\l, < ||(^||^,| 

ipeH\ ^ 



inf 



inf 



1, 


ii9 




3' 












V Ikll 


L6 






Il2 


5 


V ll^ll 


L6 



1 ii2 \ 1/2 



I l|6 



1 



where we use the density property )■ in the last second equality and that C3 is 
the sharp Sobolev constant in M^, that is, 

and the equality can be attained by the ground state W of the following elliptic equation 

-AW = \W\^W. 

-3 



This implies that KCg) = E^{W). The proof is completed. 



□ 



After the computation of the minimization m in fll.Sp . we next give some variational 
estimates. 

Lemma 2.12. For any ip G with K{ip) > 0, we have 
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Proof. On one hand, the right hand side of (12 .Sp is triviaL On the other hand, by the 
definition of E and K, we have 

which imphes the left hand side of fl2.8p . □ 

At the last of this section, we give the uniform bounds on the scaling derivative 
functional K{if) with the energy E{(f) below the threshold m, which plays an important 
role for the blow-up and scattering analysis in Section [3] and Section [61 

Lemma 2.13. For any ip G with E{ip) < m. 

(1) IfK{ip) < 0, then 

K{ip) <-6{m- E{ip)). (2.9) 

(2) IfK{ip) > 0, then 

K{^) > min (eim - E{^)), ^||V</^||', + ^Hv^H^^) • (2.10) 

Proof. By Lemma [2.81 for any (f G H^, we have 

C'E{cp) = fcCEiif) - A\\Vcp\\% - I2\\cp\\%. 

Let j(A) = E{{p^_2), then we have 

/(A) = /i/(A) - 4e^iV^||^, - l2e'''M%. (2.11) 

Case I: If K{ip) < 0, then by (I2.ip . Lemma 12.71 and the continuity of K in A, there 
exists a negative number Aq < such that K{(p'^'^'_2) = 0, and 

^(¥^3,-2) <0, V Ae (Ao,0). 

By (11.51) . we obtain j(Ao) = E{(p'^°_2) ^ Now by integrating (12.1 ip over [Ao,0], we 
have 

°/(A) dX<fi f j'{X) dX, 

which implies that 

K{^) = j'(0) - j'(Ao) < /X (j(0) - j(Ao)) <-fi{m- E{^)) , 
which implies (12. 9p . 

Case II: K{(p) > 0. We divide it into two subcases: 
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When 2fiK{^) > 12y\\%. Since 



12 / \ip\^ dx = -6K{if) + / (l2\V<f\'^ + 9\if\^) dx, 



then we have 



2llK{if) > -6K{if) + / ('l2|V(/?f + 9|(/?|^) dx, 

JR3 ^ ^ 

which imphes that 

When 2fiK{ip) < 12||<^||^6. By f l2lTD . we have for A = 

<2fif{X) < 12e'^^\\v\\%, 

/(A) = fif{\)-Ae''\\v4% - 12e^^iv^|f^, < -/./(A). (2.12) 

By the continuity of j' and j" in A, we know that j' is an accelerating decreasing function 
as A increases until j'(Ao) = for some finite number Aq > and (12 .12^ holds on [0, Aq]. 
By ir(v93°_2) = j'(Ao) = 0, we know that 

^(¥^3,-2) > ^- 

Now integrating (I2.12p over [0, Aq], we obtain that 

-ir(^) = /(Ao) - /(O) < -;,(j(Ao) - j(0)) < -/i(m-E(^)). 
This completes the proof. □ 



3. Part I: Blow up for /C" 

In this section, we prove the blow-up result of Theorem 11.31 We can also refer to 
j. Now let be a smooth, radial function satisfying d'^.(f){r) < 2, 0(r) = for r < 1, 
and (t>(r) is constant for r > 3. For some R, we define 



VRit):= / Mx)Ht,x)\' dx, (f)ji{x) = R'(l)[^ 
7r3 V ^ 

By Lemma [2. 5[ A0R(r) = 6 for r < R, and A^0ij(r) = for r < i?, we have 
d'^VR{t)=4:[ 0'^(r)|VM(t,x)|^rfx- / {A^(j)R){x)\u{t,x)\^ dx 

[ {A<f)R)\u{t,x)\Ux+ [ {A<PR)\u{t,x)\Ux 
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<4 / f2|Vn(t)p-2|u(t)|^ + ||M(t)n dx 



+ / \u{t)\'^ dx + c / n-u(t)|'' + |-u(t)|^ j dx. 

R Jr<\x\<3R Jr<\x\<3R ^ ' 

By the Gagliardo-Nirenberg and radial Sobolev inequalities, we have 

f < — llfll' llVfll 

<^||f||V2 l|y.||l/2 
L°°(|x|>_R,) — ]^\\^ llL2(|a;|>i?)ll ^ ^ IIL2(|x|>fl)' 

Therefore, by mass conservation and Young's inequality, we know that for any e > 
there exist sufficiently large R such that 

dlVR{t) <^K{u{t)) + e|| VM(t, + e^. 

=48E(m) - (l6-e)||VM(t)||^2 -6||n(t)||^4 + 6^ (3.1) 

By K[u) < 0, mass and energy conservations. Lemma [2]T3] and the continuity argument, 
we know that for any t G /, we have 

K{u{t)) < -6 (m - E{u{t))) < 0. 



By Lemma [2.91, we have 



L6- 



where we have used the fact that K{u{t)) < in the second inequality. By the fact 
m = I {C^)^^ and the Sharp Sobolev inequality, we have 

||v^t)||^.>(C*)-^||^^)||^,>(Q)-^ 

II 1 1 2 

which implies that ||V'u(t)||^2 > Srra. 

In addition, by E{uo) < m and energy conservation, there exists (5i > such that 
E{u{t)) < (1 — 61)171. Thus, if we choose e sufficiently small, we have 

dtVnit) < 48(1 - Si)m - 3(l6 - e)m + < -245im, 

which implies that u must blow up at finite time. □ 



4. Perturbation theory 



In this part, we give the perturbation theory of the solution of (11.11) with the global 
space-time estimate. First we denote the space-time space ST{I) on the time interval 
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/by 

sni) := [lI'bI!,%^, n Ll'Ll n L^Ej//^^ n Ll) (/ X M^), 
5r*(/) := [^Bli'/,,^, n L^ijg^;^^) (/ X R3). 

The main result in this section is the following. 

Proposition 4.1. Let I be a compact time interval and let w he an approximate solution 
to (II -ip on / X M'^ in the sense that 

idtw + Aw = — + \w\^w + e 

for some suitable small function e. Assume that for some constants L,Eq > 0, we have 

for some to G /. Let 'u(to) close to w(to) the sense that for some E' > 0, we have 

\\u(to) - w(to)||m < E'. 

Assume also that for some e, we have 

||e^(*-*«)^(n(to)-^(to))L^(,) |H|^^,(,) <e, (4.1) 

where < e < Eq = EqIEq, E', L) is a small constant. Then there exists a solution u to 
(II. ip on I xM? with initial data u{tQ) at time t = t^ satisfying 

\\u - <C{Eq, E\ L) e, and \\u\\gr^^j-^ < C{Eq, E', L). 

Proof. Since w G ST^L), there exists a partition of the right half of / at to^ 

to <ti < ■ ■ ■ < tN, Ij = {tj,tj+i), / n (to, oo) = (to,i7v), 
such that N < C{L, 6) and for any j = 0, 1, . . . , — 1, we have 

Hsni,)<^«^- (4-2) 

The estimate on the left half of / at to is analogue, we omit it. 
Let 

7(t, x) =u{t, x) — w{t, x), 
7j(t,x) =e'^^-^^^^(u{tj,x) -w{tj,x)^, 
then 7 satisfies the following difference equation 

i'jt + A7 = 0{w'^'j + w^'j^ + w^7^ + wj^ + 7^ + w'^'j + wj"^ + 7^) — e, 
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which imphes that 

^(t) =7j(t) - i [ e^^*"'^"^ (0{w'^-f + w^7^ + w^7^ + w-f'^ + 7^ + w^7 + ^7^ + 7^) - e) ds 



tj+i 



0{w'^'j + w^7^ + w^7^ + W'j'^ + 7^ + w^7 + W'j'^ + 7^) - e ) ds 



By Lemma [2.21 we have 

||0(wS + ^^V+^i^V+^i^7^+7^||r2/', 0I/2 \ 

+ \\w'^'y + wy"^ + 7'^) I 



(4.3) 



< 



+ e 



~ lkllLP(7,;LE)lbllL6(/,;BV2,^^) + I ^ 1 1 LP(/, ;LE) I ^ 1 1 (/, IK L^^^ 



+ 
+ 
+ 
+ 
+ 
+ 



W 



w\ 



w\ 



\ {Ir,m\n\\ (/, ;L|) P 1 1 (/, -,310^^^) + 1 1 ^ I (/, ;L9 ) 1 1 ^ 1 1 (/, 11^11x12 (^^,^9 ) 

I LP (/, ;L| ) I b I (/, ;L« ) I b 1 1 L6 (/, + 1 1^ I (/, ;L9 ) 1 1^ I (/, I K 1 1 (7, ;Lg) 

lLP(/,;L|)lblLp(/,;L9)lbllL6(/,;ijl0^_^) + I ^ I L« (/, lblLp(/,;L9) 



^llLP(/,;L9)lrllLS(/,;i?J//\,) 
2 



to 



(4.4) 



At the same time, by Lemma [2. 3[ we have 
< ||0(u7S + + + W7^ + 7^ + + W + 7^)|b2(j^..Bi/3 ) + ||e|b2(^^,.Bi/3 ^ 

^lbj'^(/j;_Bg,'(^jg 2) II lbt.i(-fj)ll lbi''(-'^3;-^90/19,2) ^^^^^-^tl'aiC-'^j) 

^llLjO(/j;Bg^^^g 2) II ibj.'LC-fj) II lbt°(-^i;-^90/ig,2) lblbt,''a:(-^j) 



~lk 

+ 
+ 



|4 I 





[3 1 


7 




7 


\w\ 


|2 1 


7 


[2 1 


7 


\w\ 




7 


[3 1 


7 



^ 1 1 Lio (/, ;Bi/;^g 2 ) + " " ) I ' " '^90/19,2) I ' ^ " ) 

^Ibt.iC-^j) lblbt''(-^j;'^9o/i9,2) lbt''(-'^3;-^go/19,2) ^^^^^-^t,''2:(-'^3) 
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+ 


7 


i4 1 


7 


'^t V-'j>-«9o/i9,2-' 






+ 


\w\ 


|2 1 


7 


'^t l-'j'-°90/19,2-' " ''^t,xy^j)'' ''^t V-'j'-°90/19,2-' ' 


7 




+ 


\w\ 




7 


r5 ('r"^ 7 rlO/r.rjl/S -1 "1" 1^ rlO('r..Rl/3 \\ 
'^t,xy^3)'' "^t l-'j>-°90/19,2'' " "^t V-'j>-°90/19,2'' ' 


7 


|2 


+ 




|2 1 


7 


l-^t°(-''j;-^9o/i9,2) ^ ^^-'"^('^j;'^18//ll,2) 







By the interpolation, we have 



Therefore, assuming that 

lbLT(/,)^^«l' Vj = 0,l,...,iV-l, (4.5) 
then by (US]), dS]) and (i3D, we have 

for some absolute constant C > 0. By f l4.ip and iteration on j, we get 

h\\snn<(^cre<l, 

if we choose eo sufficiently small. Hence the assumption f l4.5p is justified by continuity 
in t and induction on j. then repeating the estimate (14. 3 p and (14. 4 p once again, we can 
obtain the ST-norm estimate on 7, which implies the Strichartz estimate on u. □ 



5. Profile decomposition 

In this part, we will use the method in [21 [T71 [21] to show the linear and nonlinear 
profile decompositions of the sequences of radial, if ^-bounded solutions of (II. ip . which 
will be used to construct the critical element (minimal energy non-scattering solution) 
and show its properties, especially the compactness. In order to do it, we now introduce 
the complex- valued function ifitjx) by 

lt{t, x) = (V) v{t, x), v{t, x) = {Vy^ lt{t, x). 

Given (t{, hi) G M x (0, 1], let r^, denote the scaled time drift, the scahng trans- 
formation, defined by 
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We also introduce the set of Fourier multipliers on R'^. 

MC = {fi = J^-^JIT I Jl G C(R3), 3 lim G M}. 

5.1. Linear profile decomposition. In this subsection, we show the profile decompo- 
sition with the scaling parameter of a sequence of the radial, free Schrodinger solutions 
in the energy space if^(M^), which implies the profile decomposition of a sequence of 
radial initial data. 



Proposition 5.1. Let 

ltn{t,x) = e" 

be a sequence of the radial solutions of the free Schrodinger equation with bounded 
norm. Then up to a subsequence, there exist K G {0, 1, 2, . . . , oo}, radial functions 
{^^'}iG[o,K) C and {ti, h{}nm C M x (0, 1] satisfying 

k-l 

-tn{t, X) = Y, '^iit, X) + ^l{t, X), (5.1) 
j=0 

where lf{^(t,x) = e^^^~^"^^Tlip^ , and 



lim lim 11 -ut* 



-3/2 
-'oo .oo 



0, 



and for any Fourier multiplier fi G AiC, any I < j < k < K and any t G 



lim I log 

n— >+oo 



hi 



hi 



P — V 



OO, 



(5.2) 



(5.3) 



hin {iT^iit) , /i^{(t)>^, = liin {liltiit) , /.^^(t))^, = 0. (5.4) 
Moreover, each sequence {hi}ri&i is either going to or identically 1 for all n. 



Remark 5.2. We call ^{ and -ut^ the free concentrating wave and the remainder, 
respectively. From (15.41) . we have the following asymptotic orthogonality 

k-i 



lim ||/xl^n(t)||^2 - Y] ll/^^nW 

i=o 



i2 

IL2 



lL2 



0. 



(5.5) 



Proof of Proposition \5.1[ Let 



v := lim ||^„|Loo„-3/2 = lim sup 2 ^^^/^lA^ * ^„(t,a;)| 

fc>0 



If = 0, then we have done with K = {]. 
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Otherwise, z/ = lim ||^n|| roo 0-3/2 > 0. By the radial Gagliardo-Nirenberg inequality 



and the Bernstein inequality, we have 



sup 2 ^'=/2|Afe*^„(i,x)| <sup — ^ — ||Afe*^„(i,x)||J^{!^2 • ||VAfe*^„(i,x 



teR,|2fcx|>H, fc>0 
A:>0 



1/2 



<sup-^||^„(t,a;)|| 2 < 

fe>0 -n. ti 

If taking i? sufficiently large, we have 

sup 'r''''l^\kk^^n{t,x)\<\v. 

thus, there exists a sequence with > and |2'^"x„| < it! such that for 

large n, 

- lim ||^n||rooR-3/2 = TT^^ < 2-3'="/2|^fe„ * 
Now we define /i„ and V'n by /i„ = 2"'^" e (0, 1] and 

Since ||'^n||£^2 = ||^n'?/'n||^2 = II "^n(^n) 11^,2 < C, then there exists some ^0 e L^, such 
that, up to a subsequence, we have as n — >■ +00 

x^, and ipn ^ 'ip weakly in L^. (5.7) 



h. 



n 



On the other hand, if /c„ = 0, we have 

= / Aoiy) ipn{-y) dy 

JR3 



Ao(2/) i^{-y) dy < 



By the same way, if > 1, we have 

= / A(o)(y) V'n(-y) c^y 
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— ^ / A(o)(i/) ip{-y) dy < 11^11^2- 

If hn — )■ 0, then we take 

(t°,/i°) = (t„,M, <^°(x) = ^ (x - x°) , 

otherwise, up to a subsequence, we may assume that hn h^o for some h^o G (0, 1], 
and take 



1 , f X 



(t°,/i°) = (t„,l), y,0(x) = — — 



then 

Tn (^(^ ~ ~ ^n^°(3;) — ^ Strongly in (5.8) 

In addition, since ^„(t„,x) = (Tnipn) ( radial, so is ip^{x). 

Let = e^(*-*")^T>o, we define by 

x) (t, x) + ^^(t, x), (5.9) 

then by (15.71) and (15.81) . we have 

m?)-^^^(t°) = {T^n (^^n{x - - ^0 - weakly in L^ 

which implies that 

(/i^°(t),/i^^(t)> =(^^°(t°),/x^i(t°)> = (/i°¥^°,/i°(T°)-i^^(t°)> -^0, 

where we used the conservation law in the first equality and the dominated convergence 
theorem and /i°(-D) = (^-^^ in the last equality. It is the decomposition for = 1. 

Next we apply the above procedure to the sequence i^l^ in place of ifn, then either 
lim II tf^^ll rooR-3/2 = or we can find the next concentrating wave and the remain- 
der T^l^, such that for some (t^, hi) with h^ G (0, 1] and radial function ip^ G L^(R^), 

^i(t,x) = iriit,x)+T^lit,x) = e^(*-*")^T„V'(a;) + ^'(t,x), (5.10) 

and 

(T^r'l^litl) - weakly in =^ {fil^iit) , fil^l{t)) ^ 0. 



Iterating the above procedure, we can obtain the decomposition (15. ip . It remains to 
show the properties (15. 2p . (15. 3 p and (15. 4p . 
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We first assume that (15.41) holds, then by (15.51) and the Cauchy criterion, we have 

lina ll^^ll 3/2 < llt^'^ll = lll^^ll — ^0 as fc->+oo. (5.12) 

n— > + 00 " " -^t -°oo,oo II ii-lJ II 11-^ 



which imphes (15. 2p . 

Now we show (15.31) by contradiction. Suppose that (15.31) fails, then there exists a 
minimal which violates (15. 3p . By extracting a subsequence. We may assume that 
hn -> h^oo and hl/h{ and {t^ - t{)l{h^^f all converge. 

Now consider 

m=l+l 
3 



1=1+1 



m=«+l 

where 



'l,m 



with the sequence 

By the procedure of constructing (15. ip . as n — )■ +cxd, we have 

K)"'^t.+^(4)-0 weakly in L^, 
{Tl)-'lii^\ti)^Q weakly in L^, 
and by the asymptotic orthogonality (15. 3p between m and / with m G [/ + 1, j — 1] 

and by the convergence of h^nl^i. and (t^ — t^)/(/i^)^, we have S^i^ip^ — )■ S^J^ip^ and 
(T^,)-' ^^+i«) =5^'^- (T;?)-' ^^+i(t^j - weakly in L\ 



Then (yj-' = 0, it is a contradiction. Thus we obtain the orthogonality (15. 3p 
Last we show (15.40 . For j 7^ /, we have 
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e' C'i)^ 



where Jl^iO = (^/^n) used the fact that S*^'' ^ weakly in as n — )• +00 

by (I5.3p . In addition, we have 

/ k-l 



m=j+l 



as — )► +00. This completes the proof of fl5.4p . 



□ 



After the orthogonality's proof of the linear energy, we begin with the orthogonal 
analysis for the nonlinear energy. 



Lemma 5.3. Let l^n be a sequence of the radial solutions of the free Schrddinger 
equation. Let 

k-l 
j=0 



be the linear profile decomposition given by Proposition I5.il Then we have 

k-l 



lim lim 

k^K 



lim lim 

k^K n— !>+oo 



lim lim 

k^K 



MMO)) - ^MK(O)) - M(«;^(0)) 

j=0 
k-l 

i^K(o))-^sK(o))-EK(o)) 



j=0 
k-l 



i=o 



0, 
0, 
0. 



Proof. We can show that the quadratic terms in M, E and K have the orthogonal 
decomposition by taking /x = and /i = in Remark \b.2\ thus it suffices to show 
that 



lim lim 

k-^K n-^+co 



^.K(0))-5^F,(t;^(0))-F,(u;^(0)) 

j<k 



0, z = l,2. 
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where Fi and F2 are denoted by 

Fi(u(t))= / \u{t,x)fdx, F2{u{t))= / \u{t,x)\^dx. 
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In order to do so, we need re-arrange the hnear concentrating wave with respect to 

its dispersive decay (whether goes to ±00 or not for all j). Let v^^{0) = "^^^(0) = 

j<k 

^n(O) + ^ni^) some finite numbers r4,'s, then we have 



i^.K(0))-$^F.«(0))-F,(^^(0)) 

j<k 

<\Fdvnm-F,{v<\Q))\ + 



\j<k,Ti->-Ti 



+ 



\j<k,Ti- 



j<k,T^i-^Ti 



(5.14) 



First, by (15.21) and interpolation, we have that 



+ |i^.K(o))|. 



lim^ lim ||w^(0) = 0, V 2 < p < 6. 



k^K n— >-+oo 



which implies that 



hm hrn |F, (t;„(0)) - F, (0)) | = 0, 
lim ih^^ \Fi (w^(0))| = 0. 

k^K n— >-+oo ' 

Second by the dispersive estimate for t'^(O) with — )• ±00, we have 



lim lim 

k^K n— >-+oo 



\j<k,Ti- 



0, 



lim lim 

k^K n~^+oo 



j<fc,T;J— i>±oo 



Last we will use the approximation argument in [T7] to show that every non-dispersive 
concentrating wave will get away from the others, which contributes to the orthogonality 
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of fOIj) . Let x/j^ := e'^^^^p^ G L^, we have 

^4 E E ^^«(o)) 



\j<k,Ti^Ti 



j<k,Ti^Ti 



(5.15) 



< 



\j<k,Tl 



\j<k,Tl 



+ 



j<k,Ti 



+ 



(5.16) 



E E i^.((v)-^W)) . 

For those f^(0) with — )■ r^,, by the continuity of the operator e**^ in t in i/^, we 
have 

which imphes that 



\j<k,Ti- 



\j<k,Ti- 



E ^^K(o))- E ^^((v)"'W)) 

Now we consider fl5.16p for z = 1, 2, separately. 
First for z = 2, we compute as following, 



^ 0, 



^ 0. 



\j<k,Tl 



j<k,Ti 



< 



\j<k,Tl 



yj<k, Tn — , /in — 1 



+ 



E {{V)-' T^^n) - E ^2((V)-^T;J-^^-)) 



3<k,Ti 



j<k,Ti^Tia,hi=i 
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For /li — )■ 0, we have 



(V)~^ T;JV^^' -> in V 2 < p < 6, 



which imphes that 



^0, 



^ 0. 



In addition, by the orthogonahty fl5.3p . we know that there is at most one term 
{Wy^Tl^lj^ with tI tI^, hi = 1, hence 

\j<k,Ti^Tio,hi = l / j<k,Ti^Tia,hi = l 

Now we consider the case i = 1, Let = {Vl'-^ip^ if — )■ 0, and = (V)^^ if 
hi = 1, then we have 4''' ^ -^L 



\j<k,Ti- 



j<k,Ti- 



< 



Y F, {{V)-' T^^n) - Y F,(hiTl^'^ 



j<k,Ti- 



j<k,Ti- 



+ 



Fi I Y 



Y ^1 {Kni^') 



j<k,Ti- 



Since 



\\iy)-'Ti^= -hui^ 



II (V)-^T^^^- - /^^„T^|VrV|La if K ^ 
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|((v)D"V-ivrv| 

if hi = 1 
)■ 0, as n — )■ +00, 



if hi 



which shows that 



We further replace each ip^ by the non-overlap terms ipi^ with each other 

0; 3 I < j, such that h'-^ < hi^ and -fj G supp 



0. 



1; otherwise, 



where is determined by f l5.13p . By (15. 3p . we know that — )■ 0, therefore as 
n — )• +00 



V'^ — )■ a.e. X E M.^, and ipi ~^ iii 



which implies that 



\j<k,T^- 



J2 F,{hiTi^^)- Yl Fi{hin^i 



On the other hand, by the support property of tpj^, we know that 

\j<fc,T^-i>T4 / j<k,Ti^Tio 

Therefore, we have 



\j<k,Ti^Ti 



j<k,Ti-^Ti 
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< 



\j<k,Ti->- 



J2 F,(hiTi^^)- F^{Kni^i) 



This completes the proof. 



□ 



Lemma 5.4. Let G N and radial functions (fQ, . . . ^ H^{M.^), m be determined by 
(ll.Sp . Assume that there exist some 6, e > with As < 35 such that 

k f ^ \ / k \ k 

Y,E{^j)-e<ElY,Vj] <m-6, and - e < < ^ ir(<^,) + e. 



0=0 



j=0 



j=0 \j=0 

Then (fj G /C^ for all j = 0, . . . , k. 

Proof. Suppose that K{ipi) < for some /. Then by Lemma [2 .9^ we have 
H{^i) > inf {H{ip) I ^ G H\M.^), if ^ 0, K{ip) < O} = m. 
By the nonnegativity of H{ipj) for j > 0, we have 



<m — 5 + e + -e < m. 
It is a contradiction. Hence for any j G {0, . . . , k}, we have 

which imphes that 

E{^j) = H{^,) + ^K{^,) > 0, 

and 



E{ipj) < E E{(pi) < m - 5 + e < 

which means that (fj G /C^ for all j. 

According to the above results, we conclude as following. 



□ 
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Proposition 5.5. Let itnit, x) be a sequence of the radial solutions of the free Schrodinger 
equation satisfying 



f„(0) G /C+ and E{vn{0)) < m. 



Let 



k-l 



i=o 

he the linear profile decomposition given by Proposition \5.1[ Then for large n and all 
j < K , we have 



and 



lim lim 

k^K n— >+cxD 



<(0)G/C+, ^f(0)G/C+, 



MK(0)) - J]MK(0)) - M{wtm 



j<k 



lim lim 

k--¥K 71— >+oo 



E{vn{0))-Y.E{vim-E{wt{0)) 



j<k 



lim lim 

k^K n—^+oo 



0, 
0, 
0. 



K{v40))-J2K{vim-K{w'^m 

j<k 

Moreover for all j < K, we have 



< lim E{vi{0)) < lim E{vi{Q)) < lim ^K(O)), 

„_5.+oo n^+oo n-5-+oo 



where the last inequality becomes equality only if K = 1 and wl^ ^ in Lf^H], 



5.2. Nonlinear profile decomposition. After the linear profile decomposition of a 
sequence of initial data in the last subsection, we now show the nonhnear profile de- 
composition of a sequence of radial solutions of f 1 1.11) with the same initial data in the 
energy space if^(M^). First we introduce some notation 

Now let x) be a sequence of radial solutions for the free Schrodinger equation 
with initial data in /C"*", that is, f„ G -fr^(]R^) is radial and 



NLS WITH THE COMBINED TERMS 31 

Let 



then by Proposition I5.H we have a sequence of the radial, free concentrating wave 
^i{t, x) with lti{t{) = Tl<^\ <(0) G /C+ for j = 0, . . . , K, such that 

k-l k-1 
j=0 j=0 

k-l y t-4 V 

j=0 

Now for any concentrating wave T?"^, j = 0, . . . , i^, we undo the group action, i.e., 
the scahng transformation T^, to look for the linear profile . Let 



t-ti 



then we have 

{idt + A)^^ = 0, \^^{0) = ip^. 
Now let u{^{t,x) be the nonlinear solution of (11. ip with initial data f^(0), that is 
{zdt + A) Itiit, x) = (V) /i((V)"^ Iti) + (V) M{Vr' Iti), 

where = —Pn/ (/i^)^. In order to look for the nonlinear profile L^4> associated to the 
radial, free concentrating wave ^{,^{), we also need undo the group action. We 



denote 



then we have 



^^t + A) Si = ((V)Q A (((V)^„)"' Tfij + K ■ ((V)^„) h (((V)^„)"' l^i 



n\' nJ ' \ nJ ' 



Up to a subsequence, we may assume that there exist G {0, 1} and r^, G [— oo, oo] 
for every j = {0, . . . , K}, such that 



K and r;^ -> r- 



oo ■ 
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As n +00, the limit equation of is given by 



/2 (V) 



00 / 5 



Let 



then 



00 



(^9, + A) f/^ =A j + h^^ ■ h (yi) , (5.17) 

UL{rL)^{{V)Q~'VKrL)- (5-18) 

The unique existence of a local radial solution iJ-'^ around is known in all cases, 
including = and r^, = ±00. on the maximal existence interval is called the 
nonlinear profile associated with the radial, free concentrating wave {^1^; hi^,tD. 

The nonlinear concentrating wave m-^^^ associated with ("1^5^; h{^,t{^) is defined by 



then we have 



{idt + A) . = 




(n) 



1 



-1 



|vp + 



1 

00 



Ion 



It 



in) 



which implies that 



n)|lL2 
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We denote 

(n) \ / (n) 

If = 1, we have /i^ = 1, then G H^{^) is radial and satisfies 
If hi^ = 0, then G i/^(R'^) is radial and satisfies 

Let Un be a sequence of (local) radial solutions of (11. ip with initial data in /C+ at 
t = 0, and let be the sequence of the radial, free solutions with the same initial data. 
We consider the linear profile decomposition given by Proposition 15.11 

fe-i 

j=0 

With each free concentrating wave {lf{^}ni=N, we associate the nonlinear concentrating 
wave { t^(„)}nGN- A nonlinear profile decomposition of m„ is given by 

(5.19) 



j=0 j=0 ^ 

Since the smallness condition (15. 2p and the orthogonality condition (15. 3p ensure that 
every nonlinear concentrating wave and the remainder interacts weakly with the others, 
we will show that ^^(^^ + wl'^ is a good approximation for if„ provided that each 
nonlinear profile has the finite global Strichartz norm. 

Now we define the Strichartz norms for the nonlinear profile decomposition. Let 
ST{I) and ST*{I) be the function spaces on / x defined as Section H] 

STil) := [LfBl^%^^ n LfLl n L^^J//^^ n Ll^j (/ X R3), 
ST\I) := [Lli3\i),, , n LlBl'^, ,) (/ x R^). 
The Strichartz norm for the nonlinear profile t/^) depends on the scaling /i^. 

{ST{I), for/i^^ = l, 

\ (^*°<i9,2 n L\^L^)l (/ X M^), for hi^ = 0. 
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Lemma 5.6. In the nonlinear profile decomposition fl5.19p . Suppose that for each 
j < K , we have 

\\U^ II + Wll^ II < CX5 

Then for any finite interval I , any j < K and any k < K , we have 



nh^oo 1 1 " (") 1 1 5T(/) ~ I r ^ 1 1 Sri (R) ' 

lim 1 1 ti^^ 1 1 ^ 



< lim > Wu-', 



0IIST(/)' 



j<k 



where the implicit constants do not depend on I,j or k. We also have 



lim 

n— >+oo 



j<k 



0, 



lim 



(V) ^^l(V) 



oo 



ST* {I) 



ST" {I) 



0. 



(5.20) 
(5.21) 



(5.22) 
(5.23) 



Proof. Proof of fl5.20p . By the definitions of and f/^,, we know that 



u 



(n) 



{t,x)={V)-'ltl^{t,x) = {Vr'Tit^ 



-1 rni /T7\j fri I ^ 



IW - ft -t^ 

For the case h^^ = 1, we have M(„)(i, a^) = hence (15.201) is trivial. For the 

case /i^ = 0, by the above relation between u-', . and U^, we have 



\w 



(7xR3) 



< 



(n) 

(V);. ~ 



<\\w 



«ll(LiOBg^/;„,nLpL9)(RxR3)' 



and 



(/l{)3||f/-^|| 5 ^0, 

V 71/ II 00|Ui2rB ' 
-^t -°18/7,2 



<l/l« 



,s<|/|^(/^D^||f/^ 



^ ^ 0. 

t -"5,2 



''(n)llL5^(/xR3) ^l-'l ir(n)|lLj2L| 

where we use the fact that the boundedness of in Lj'^ B^^^^-^^g ^f] L]"^ L^ri L°° implies 

• - • — 

its boundedness in LfB^^,^ ^ n LfBl"^ by f lETTj) 
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Proof of (lOTj) . We estimate the left hand side of (l5:2T|) by 
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\u 



in)\\sT{I) 



in) ' "(n) 
j<k,hio=l j<k,hi^=0 
2 



J 



< 



ST{I) 



E 



(n) 



j<fe,/iio=i 



ST(/) 



E 



(n) 



j<fc,/iio=o 



ST(/) 



For the case /i4> = 1- Define t/;^ ^ and ^ by 

where xr is the cut-off function as in Remark 11.61 Then we have 



E 



in) 



j<k,hia=l 



< 



ST{I) 



E 



{n),R 



j<fe,/iio=i 



ST{I) 



(n),i?. 



j<k,hio=^ 



j<k,hio=i 



ST{I) 



On one hand, we know that 



E <)- E 



{n),R 



j<k,hia=^ 



j<k,hia=^ 



< E IKl-^«)^(n)LT(/)^0, 



as R ^ +00. On the other hand, by (15. 3p and the similar orthogonality analysis as in 
|17] . we know that 

2 



lim 

n—^+oo 



E 



(n),ij 



j<k,hia=^ 



< 



lim > 



\U 



(n),R 



< 



ST{I) 



j<fc,/i^ = l 



ST{I) 



lim > 



\u 



in) 



j<k,hio=^ 



ST{I) 



For the case /i^, = 0, On one hand, by /i{ — )■ 0, we have 



lim 



E 



(n) 



j<k,hi,=0 



0. 



On the other hand, by (15.31) and the analogue approximation analysis as in |17j, we 
have 

2 



lim 

n— >+oo 



E 

j<fc,?tio=0 



< 



lim } 



\U 



in) 



j<k,hia=0 
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lim 

n—^+oo 



j<k,hi^=0 



< 



lim > 



in) 



j<k,hia=0 



LfLlilxW.^) 



Proof of (E22]). Let M<^>(t,a;) := ^M4„>(t,x) where 



and 



(V) 



(V) 



CXD 



Then we have 



(V) ^M(V) 



OO 



5T* 



< 



ST* 



+ 



< 



j<fc j<k 



ST* 



ST* 



+ 



/■(«(4)-E/'H>) 



j<k 



ST* 



+ 



\- M f ( 3 

i<fc,/iL=o 

By (15. 3p and the approximation argument in [17J, we have 



j<k,hia=0 



ST* 



ST* 



as n — )■ +00. In addition, by as n +oo, we have 



5: 

j<k,hi^=0 

E 

j<k,hL=0 



(V) 
IV 



(V) 



r2Rl/3 
-^t-°l8/ll,2 



-^t -"6/5,2 



^1 

(V) 



i<k.hi>=n 



j<k,hio=0 



r2 rjl/3 
-^t-°18/ll,2 



i) E 

j<k,hi^=0 



r2Rl/2 
'^t'^6/5,2 
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as n — )■ +00. Therefore, we have 
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hm 

n— >+oo 



j<k ^ ' \ 



(V) 



(V) 



J ("•) 
00 



ST* 



Proof of (I52SD. Note that 



<^)~ , / (V) „i 



j<k 



(V) (V) 



00 



ST* 



< 



ST' 



j<k,hi^=0 



ST* 



By the analogue analysis, we have 



r2 



j<fc 



ST* 



and 



i<fc,?tJo=o 



ST* 



as n — !■ +00. Hence, we obtain 
These complete the proof. 



lim 

n— >+oo 



j<k 



(v>L, / (V) 



ST* 



□ 



After this preliminaries, we now show that + ^ good approximation for 

^„ provided that each nonlinear profile has finite global Strichartz norm. 



Proposition 5.7. Let Un be a sequence of local, radial solutions of f 1 1.11) around t = 
in /C+ satisfying 

M (u„) < 00, lim E(u„) < m. 



Suppose that in the nonlinear profile decomposition f l5.19p . every nonlinear profile Ui^ 
has finite global Strichartz and energy norms we have 



00 ST^ 



+ 







< 00. 
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Then Un is bounded for large n in the Strichartz and the energy norms 

lim llMnll c.T'/'iD>\ "I" II ''^ nil roor2/'lD.^ ^ 



n—^co 



\ST{R) ' II "IlLf'LKR) 



Proof. We only need to verify the condition of Proposition 14. 1[ Note that m^-j + 
satisfies that 



First, by the construction of ^(^^ we know that 



^f„)(o) + ^^(0)) - it„(o)|[^ < J2 ||^(n)(o) - 



j<k 



^0, 



as n — +00, which also implies that for large n, we have 



Ll 



Next, by the linear profile decomposition in Proposition 15. ![ we know that 

l|n„(o)||^, = wmli = E ll<(o)lll^ + I^'WIIl^ + 



kn(0)|| 



j<k 

>EIK(o)llLi + <i) = E|K)(o) 

j<k j<k 
2 11 /„N 1,2 II /„x l|2 II t..„x ||2 



+On(l), 



^(0)11?.. = EIK(o)l 
i<fc 



>EIK(o)lli^+<i) = E|Hn)(o) 

j<fc j<fc 



+On(l), 



Hi 



which means except for a finite set J C N, the energy of u^'f^^^ with j ^ J is smaller than 
the iteration threshold, hence we have 



\w 



(n)llsT(R) 



< 



thus, for any finite interval /, by Lemma [5. 6[ we have 



II <-A-l|2 



<sup lim VIIm-^^ 

h. n— i>+oo ' 
j<k 



)\\ST{I) 
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: sup lim 

^ n— )-+oo 



< 



E 

.j<kjeJ 

2 



\U 



{n)\\sT(I) 



+ E 

j<k,j<^J 



\U 



{n)\\sT{I) 



j<k,j€J 

<oo. 



This together with the Strichartz estimate for imphes that 



sup hm \\uf\ + w,''"^ 



\ST{I) 



< oo. 



Last we need show the nonhnear perturbation is small in some sense. By Proposition 
15. II and Lemma [5.61 we have 



{<)) - (^W + < 



ST" (I) 



^0, 



ST* {I) 



^0, 



and 



E 

j<k 



(V) 



(V) ^M(V) 



^0, 



ST* (I) 



(V) 



oo f 

h 



(V) 



oo 



/2 ( W^n) 



^0, 



5T*(7) 



as n — )■ +00. Therefore, by Proposition 14. we can obtain the desired result, which 
concludes the proof. □ 



6. Part II: GWP and Scattering for /C+ 

After the stability analysis of the scattering solution of fll.ip and the compactness 
analysis (linear and nonlinear profile decompositions) of a sequence of the radial solu- 
tions of f ll.ip in the energy space. We now use them to show the scattering result of 
Theorem 11.31 by contradiction. 

Let E* be the threshold for the uniform Strichartz norm bound, i.e., 

E* ■= sup{A > 0, ST{A) < oo} 

where ST {A) denotes the supremum of 11^11^^,^.^-^ for any strong radial solution u of fll.ip 
in /C"*" on any interval I satisfying E{u) < A, M{u) < oo. 
The small solution scattering theory gives us E* > 0. 
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Now we are going to show that E* > m hj contradiction. From now on, suppose 
that E* > m fails, that is, we assume that 

E* <m. (6.1) 

6.1. Existence of a critical element. In this subsection, by the profile decomposition 
and the stability theory of the scattering solution of (11. ip . we show the existence of the 
critical element, which is the radial, energy solution of (II. ip with the smallness energy 
E* and infinite Strichartz norm. 

By the definition of E* and the fact that E* < m, there exist a sequence of radial 
solutions {wnjneN of (II -ip in /C"*", which have the maximal existence interval /„ and 
satisfy that 

Miun) < oo, Eiun) ~^ E* < m, ^ — +c>o, as — !■ +oo, 

II 1 1 o -Z [In ) 

then we have 1 1 1 1 j^^i < oo by Lemma 12.121 By the compact argument (profile decom- 
position) and the stability theory, we can show that 

Theorem 6.1. Let Un he a sequence of radial solutions of (II. ip in /C+ on /„ C R 

satisfying 

M{Un) < oo, E{Un) E* < 171, ||'"n||5T{/ ) ^ +00, aS Tl +00. 

Then there exists a global, radial solution of (II. ip in /C+ satisfying 

E{uc) = E* <m, K{uc) > 0, ||^^c||5y(jj) = 

In addition, there are a sequence t„ G M and radial function ip G L^(R^) such that, up 
to a subsequence, we have as n ^ +00, 



(V) 



lt„(0,x)-e-^*"^(/.(x)) 



^ 0. (6.2) 

L2 



Proof. By the time translation symmetry of (II. ip . we can translate Un in t such that 
G /„ for all n. Then by the linear and nonlinear profile decomposition of m„, we have 



j<k 



j<k 



{hi 



By Proposition 15.51 and the following observations that 
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(1) Every radial solution of (11. ip in /C+ with the energy less than E* has global 
finite Strichartz norm by the definition of E*. 

(2) Lemma 15.71 precludes that all the nonlinear profiles Z/^i have finite global 
Strichartz norm. 

we deduce that there is only one radial profile and 

E{ul^{0))-^E*, «°„)(0)G/C+, ||f/^L^^(,) = oo, \\wl,\\^^^,^Q. 

If hi 0, then f/^ = \V\-^lfl^ solves the if^-critical NLS 
and satisfies 

( U!Lir^j) =E*<m^ {u'^{r'j) > 0, ll^^ll (..o«V3^^^n.p..)axM3) = ^- 

,0 



However, it is in contradiction with Kenig- Merle's resultu in |19j. Hence = 1, which 
implies (16. 2p . 

Now we show that = (V)^^ f^4> is a global solution, which is the consequence of 
the compactness of (16. 2p . Suppose not, then we can choose a sequence t„ G M which 
approaches the maximal existence time. Since U^{t + t„) satisfies the assumption of 
this theorem, then applying the above argument to it, we obtain that for some ip E L"^ 
and another sequence G M, as n — )• +oo 

IVI 



(V) 



t^°oo(tn)-e-<^^(x) 



^ 0. (6.3) 



L2 



Let ^(t) := e^^^ip. For any e > 0, there exist 5 > with / = [—5, 8\ such that 
which together with (16. 3p implies that for sufficiently large n 



\sT{I) — 



If e is small enough, this implies that the solution exists on [t„ — 5, t„ + 6] for large 
n by the small data theory. This contradicts the choice of t„. Hence is a global 



solution and it is just the desired critical element Uc- By Proposition II. H we know that 
K{uc) > 0. □ 



'^By the global estimate of solution u of (|1.2p . we can obtain the global LfW^'^ estimate of u for 
any Schrodinger L^-admissible pair (q,r). 
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6.2. Compactness of the critical element. In order to preclude the critical element, 
we need obtain some useful properties about the critical element. In the following 
subsections, we establish some properties about the critical element by its minimal 
energy with infinite Strichartz norm, especially its compactness and its consequence. 
Since (11. ip is symmetric in t, we may assume that 

Ih-Lm+oo) = (6-4) 

we call it a forward critical element. 

Proposition 6.2. Let Uc he a forward critical element. Then the set 

{ucit, x); < t < oo} 
is precompact in H'^ for any s G (0, 1]. 

Proof By the conservation of the mass, it suffices to prove the precompactness of Mc(^n)} 
in for any positive time ti,t2, ■ ■ ■■ If tn converges, then it is trivial from the continuity 
in t. 

If tn — > +00. Applying Theorem 16.11 to the sequence of solutions licit + tn), we get 
another sequence G M and radial function ip E L"^ such that 

IVI 



x) - e-<^ip{x)^ ^0 in 



(V) 

(1) If t'^ —7- — OO, then we have 

II (V)-^e-^^.(t„)||^^(„^^^^ = II (V)-^e-^v^||,^(_^, ^^^^ + o„(l) ^ 0. 

Hence Uc can solve ( II. ip for t > tn with large n globally by iteration with small 
Strichartz norms, which contradicts (16. 4p . 

(2) If t'n — +00, then we have 

Hence Uc can solve (II. ip for t < tn with large n with vanishing Strichartz norms, 
which implies = by taking the limit, which is a contradiction. 

Thus t'^ is bounded, which implies that t'^ is precompact, so is Ucitn.x) in . □ 

As a consequence, the energy of Uc stays within a fixed radius for all positive time, 
modulo arbitrarily small rest. More precisely, we define the exterior energy by 

ER{u]t) = j {\yu{t,x)\^ + \u{t,x)\^ +\u{t,x)'^'^ dx 
for any i? > 0. Then we have 
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Corollary 6.3. LetUc he a forward critical element, then for any e, there exist Ro{e) > 
such that 

ER,^{uc]t) < eE{uc), for anyt > 0. 

6.3. Death of the critical element. We are in a position to preclude the soliton-like 
solution by a truncated Virial identity. 

Theorem 6.4. The critical element Uc of (11.11) cannot he a soliton in the sense of 
Theorem \6.1i 

Proof. We still drop the subscript c. Now let be a smooth, radial function satisfying 
< < 1, = 1 for \x\ < 1, and (t){x) = for |x| > 2. For some R, we define 



|2 

VR{t) := I Mx)Ht,x)\^ dx, Mx) = R^<P 



\x\ 



On one hand, we have 



Therefore, we have 



\dtVRit)\<R (6.5) 

for alH > and R>0. 

On the other hand, by Lemma 12.51 and Holder's inequality, we have 

dlVR{t)=4:f (P'^{r)\Vu{t,x)\'^ dx - [ {A'^(pR){x)\u{t, x)]"^ dx 
- \ f {A(t)R){x)\u{t,x)\^ dx+ [ {A(PR)ix)\uit,x)\Ux 
=4 [ (2\Vu{t,x)\'^ -2\u{t,x)f + ^\u{t,x)A dx 

l/3> 



1/3^ 



/ {\Vu{t,x)\^ + \u{t,x)\^ + \u{t,x)\'^) dx+i \u{t,x)\^ dx 

\J\x\>R \Jr<\x\<2R 

=AK{u{t)) + ol [ {\Wu{t,x)\^ +\u{t,x)\^) dx+ ( [ \u{t,x)f dx] 

\J\x\>R \Jr<\x\<2R J 

By Lemma [2.131 we have 

4:K{u{t))=4: [ (2\Vu{t,x)\^ -2\u{t,x)f + ^\u{t,x)A dx 
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>min (^6(m - E{u{t))), ^||Vn(t)||', + ^\\uit)\\l 
>\\Vu{t)\\l, + \\uit)\\l, 

Thus, choosing rj > sufficiently small and R:= C{r]) and by Corollary 16.31 we obtain 

d^Vnit) > E{u{t)) = E{uo), 
which implies that for all Ti > To 

{T,-T,)E{uo)<R = C{'n). 

Taking Ti sufficiently large, we obtain a contradiction unless m = 0. But m = is not 
consistent with the fact that Hwll^^^jg^ = oo. □ 
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